Suppose Q is a definite quadratic form on a vector space V over some totally real field K = Q. Then the maximal integral ZK -lattices in (V, Q) are locally isometric everywhere and hence form a single genus. We enumerate all orthogonal spaces (V, Q) of dimension at least 3, where the corresponding genus of maximal integral lattices consists of a single isometry class. It turns out, there are 469 such genera. Moreover, the dimension of V and the degree of K are bounded by 6 and 5 respectively. This classification also yields all maximal quaternion orders of type number one.
Introduction
Let K be a totally real number field and Z K its maximal order. Two definite quadratic forms over Z K are said to be in the same genus if they are locally isometric everywhere. Each genus is the disjoint union of finitely many isometry classes. The genera which consist of a single isometry class are precisely those lattices for which the local-global principle holds. These genera have been under study for many years. In a large series of papers [34, 35, 36, 37, 38, 39, 40] , Watson classified all such genera in the case K = Q in three and more than five variables. He also produced partial results in the four and five dimensional cases. Assuming the Generalized Riemann Hypothesis, Voight classified the one-class genera in two variables [31, Theorem 8.6] . Recently, Lorch [14] reinvestigated Watson's classification with the help of a computer using the mass formula of Smith, Minkowski and Siegel. He filled in the missing dimensions 4 and 5 and corrected some errors in Watson's tables.
In the case K = Q not much is known. Gerstein proved in [7] that one-class genera can only occur in at most 36 variables. Shimura proved a mass formula for maximal integral lattices. The formula has been recently proved again by Gan, Hanke and Yu in [6] using Bruhat-Tits theory. This proof is based on results of Gross [8] which builds upon the fundamental work of Prasad [23] . Using this mass formula, Hanke classified the one-class genera of maximal integral lattices over K = Q (see [9] ). The current paper extends this classification to all totally real number fields K. More information of the classification of genera with small class numbers is given by R. Scharlau in Section 2.5 of [25] .
The article is organized as follows. Section 2 recalls some basic definitions of quadratic forms over number fields. Section 3 gives the mass formula of Shimura and some consequences for one-class genera. The possible base fields K that can give rise to one-class genera of maximal integral lattices are enumerated in Section 4. Section 5 gives algorithms to perform the enumeration of these genera. In Section 6 we recall some connections between quadratic forms and quaternion algebras. Finally, the last section summarizes the results.
Preliminaries
Throughout the paper, let K be an algebraic number field of degree n ≥ 2 and let V be a m-dimensional K-space. Further let Q : V → K be a quadratic form. The orthogonal group of the quadratic space (V, Q) will be denoted by O(V, Q) and SO(V, Q) = {ϕ ∈ O(V, Q) | det(ϕ) = 1} denotes the special orthogonal group.
The quadratic form Q is isometric to a diagonal form Q := a 1 , . . . , a m where
i . We will always assume that Q is definite, i.e. K is totally real and each a i is totally positive.
The discriminant of Q is disc(Q) = (−1)
be the Hasse invariant of Q at p. Here a,b p ∈ {±1} denotes the usual Hilbert symbol of (a, b) ∈ K 2 at p. It takes the value 1 if and only if ax 2 + by 2 = z 2 admits a nontrivial solution over the completion K p of K at p. It is well known that the isometry class of the definite quadratic space (V, Q) is uniquely determined by m, disc(Q) and the finite set of prime ideals p for which c p (Q) = −1 (see for example [19, Remark 66:5] ). The same is true if one replaces the Hasse invariants by the Witt-invariants ω p (Q) as defined in [26] :
. Given any extension of number fields E/K, we denote by d E/K and N E/K its relative discriminant and norm respectively. Further,
Given the dimension m, the discriminant d := disc(Q) (viewed as an element of K * p ) and the Witt invariant ω p (Q), we define the local type t p (Q) ∈ {0, I, II, II ± , III ± } of Q at p similar to Hanke in [9] . Let v p denote the usual valuation of K p . Then the symbol t p (Q) is nonzero if and only one of the following cases holds. Table 1 : Definition of t p (Q).
Given a prime ideal p of Z K we write V p and L p for the completions
The lattices L, L are said to be in the same genus if for each prime ideal p of Z K there exists some
Clearly, each genus Λ decomposes into several isometry classes represented by L 1 , L 2 , . . . , L h say. The number of classes h is always finite and is called the class number of Λ (see for example [19, Theorem 103:4] ). Further we define
to be the mass of Λ.
The mass formula
Let (V, Q) be a definite quadratic space over some totally real number field K of degree n. Further let m denote the dimension of V and set r = m/2 . Definition 3.1. Let p be a prime ideal of Z K and q = N K/Q (p) = #(Z K /p) its norm. Then the local mass factor λ p (Q) is defined as follows. 
if m is odd,
Note that the formula given in [6] looks much neater then the one above since it uses values of L-series at negative integers. However there are two reasons to state the formula as above. First of all, the L-series involved might have zeros at some negative integers in which case one has to use the first non-vanishing coefficient of some Taylor series expansion. Secondly, we will need to find good lower bounds for the mass and therefore for the product L(G)· p λ p (Q). This is much easier when L(G) only depends on values of L-series at positive integers. In fact, the classification of all genera of maximal integral lattices with class number one is based on the following observation. 1. If Λ has class number one then (2 · mass(Λ))
4. Let k be the number of prime ideals in
5. If m is odd and Λ has class number one then
where denotes the number of prime ideals of Z K that contain 2.
Proof. Suppose Λ consists of the isometry class of a single lattice L. 
So we may now assume that m ≥ 4 is even and disc(Q) / ∈ (K * ) 2 . Further let t denote the number of prime ideals that are ramified in
Note that if m is odd and fixed, the last statement of the previous proposition is a very strong restriction on the field K.
Restricting the possible base fields
The enumeration of all base fields K that can possibly give rise to one-class genera of all maximal integral lattices is based on the following Odlyzko type bounds.
Theorem 4.1. Let K be a totally real number field of degree n ≥ 2. Let B(n) and B (n) be defined by 
The bounds B(n) and B (n) are sharp for n ≤ 9 and n ≤ 8 respectively.
Proof. The bounds for n ≤ 9 follow from Voight's tables [32] . The other values for B(n) have been computed by Martinet in [15] . The values for B (n) for n ≥ 10 are given by Brueggeman and Doud in [4] .
Let Λ be the genus of all maximal integral lattices in a definite quadratic space (V, Q) of dimension m over some totally real number field K of degree n. or K = Q(θ ) is the maximal totally real subfield of the -th cyclotomic field Q(ζ ) with ∈ {7, 9, 15, 20, 21,
Proof. If m = 3 let k be the number of prime ideals of Z K with norm 2. Otherwise set k = 0. By Proposition 3.4 and the assumption that Λ has class number one, it follows that
Let us first assume that k ≥ 1. Then m = 3 and d
20. By Theorem 4.1, this implies that n ≤ 10. Thus equation (2) shows that in fact d
2/3 < 14.51 and thus n ≤ 8. Suppose now k = 0. Then by equation (2), we have
Since K = Q we have d
The right hand side of equation (3) In particular, n ≤ 8 by Theorem 4.1.
Since Voight's tables [32] list all totally real number fields of degree n ≤ 8 with root discriminant ≤ 15, we can now simply enumerate all pairs (r, K) such that inequality (2) holds. As it turns out, there are only 218 such pairs. Among those, only the 71 pairs given above satisfy the fourth condition of Proposition 3.4.
If m is even, the factor L(G) does not solely depend on K but also on E Q and therefore on the discriminant of Q. Thus we cannot get such sharp bounds on the base field K as in Proposition 4.2. But we still can enumerate a finite set of fields K that needs to be checked explicitly. 
Proof. If m = 4 let k be the number of prime ideals of Z K with norm 2, otherwise set k = 0. As in the proof of Theorem 4.2 we have
Suppose first that k = 0. Then m = 4 and the above inequality implies that d
5 Enumerating the one-class genera
Odd dimensions
Suppose m = 2r + 1 ≥ 3 is odd. Then the enumeration of all one-class genera of maximal integral forms is straight forward. For each of the possible pairs (m, K) from Proposition 4.2, we apply the following algorithm.
Algorithm 5.1. Input: Let K be a totally real number field of degree n and let m ≥ 3 be odd. Output: A set L of representatives for the one-class genera of maximal integral lattices in definite orthogonal K-spaces of dimension m.
Evaluate s(m, K)
:= 2 · γ(G) n · L(G) and set L = ∅.
Compute all possible combinations S of local symbols such that
3. For each such combination S compute the set D S of all possible values for disc(Q) (up to squares).
For each such combination S and each d ∈ D S do
(a) Turn the set S into the Hasse invariants using Table 1 
Return L.
We give some comments and hints how to do the above steps.
. So we only have to consider finitely many prime ideals p for which t p (Q) = 0.
2. The set D S can be computed as follows. By Dirichlet's unit theorem, the quotient {u ∈ Z * K | u totally positive}/(Z * K ) 2 is finite. Let u 1 , . . . , u s be a transversal and let J = tp(Q)=II± p. Now we check if Ja 2 = αZ K for some ideal a of Z K and some α ∈ Z K such that (−1) r · α is totally positive. If such an ideal does not exist, set D S = ∅. Otherwise let 5. Constructing a global space with the given invariants can be done by trial and error. Let T be a set of prime ideals of Z K that includes the ideals for which t p (Q) = 0. Then one tests quadratic forms
where the a i are totally positive generators of products of ideals in T . If the set T is large enough, this will quickly produce a form Q that has the correct local Hasse invariants. The computation of a maximal integral lattice with respect to Q is then straight forward. Finally, the computation of the automorphism group of this lattice is done using the algorithm of Plesken and Souvignier [22] .
If in step 4a equality did not hold, the genus Λ has been enumerated completely with Kneser's neighbor method. An explanation of this method is given by Schulze-Pillot in [27] as well as Hemkemeier and Scharlau in [10] . This assures that we have evaluated the mass correctly and that we have most probably constructed a maximal lattice in the correct orthogonal space.
Even dimensions
Suppose m = 2r ≥ 4 is even. In the odd dimensional cases, one can reconstruct the possible values for disc(Q) by the local types t p (Q). If m is even however, we first have to compute all possible values for disc(Q). For this we compute all possible quadratic extensions E Q /K. Lemma 5.2. Suppose m ≥ 4 is even and the genus of all maximal integral lattices Λ of (V, Q) has class number one. If m = 4, let k denote the number of ideals of Z K of norm 2 otherwise set k = 0. Further, for each prime ideal p of Z K set e p = 2 if 2 ∈ p and set e p = 1 otherwise. [28, Proposition III.13] ). Thus it follows from Proposition 3.4 that
The result follows since ζ E Q (r) ≥ ζ K (2r).
The above lemma restricts the prime ideals of K that could possibly be ramified in E Q /K to a finite set. By Class Field Theory, we can now construct all quadratic extensions E/K such that d E/K satisfies the inequality in Lemma 5.2. There are only finitely many such fields.
r α is totally positive since α/disc(Q) ∈ (K * ) 2 . By listing all such fields E, we have then effectively enumerated all possible discriminants disc(Q) ∈ K * /(K * ) 2 that can give rise to one-class genera of maximal integral lattices.
The computation of all one-class genera is now similar to the odd dimensional case.
Algorithm 5.3.
Input: Let K be a totally real number field of degree n and let m ≥ 4 be even. Output: A set L of representatives for the one-class genera of maximal integral lattices in definite orthogonal K-spaces of dimension m. i. Turn the set S into the Hasse invariants using Table 1 
4. Return L.
Quaternion orders
We first recall some basic properties of quaternion orders. More details can be found in the book of Vignéras [30] for example.
Let K be a field of characteristic 0. Given a, b ∈ K * we write a,b K for the central simple K-algebra with basis (1, i, j, ij) and multiplication defined by i 2 = a, j 2 = b and ij = −ji. Conversely, every central simple K-algebra of dimension 4 is isomorphic to
there is a canonical K-linear involution¯defined by x := x 1 +x 2 i+x 3 j +x 4 ij → x := x 1 −x 2 i−x 3 j −x 4 ij with the property that for each x ∈ Q the reduced norm nr Q/K (x) := x · x and reduced trace tr Q/K (x) := x + x are contained in K. The reduced norm is a quadratic form on Q and Q × Q → K, (x, y) → nr Q/K (x+y)−nr Q/K (x)−nr Q/K (y) = tr Q/K (x·y) the corresponding bilinear form. Given a subset S ⊂ Q we denote by S 0 = {s ∈ S | tr Q/K (s) = 0} the set of all elements in S that have trace 0.
An order O ⊂ Q is a subring of Q that is also a Z K -lattice in Q. The order O is said to be maximal if it is not contained in a larger one. Every element x of an order is integral, i.e. nr Q/K (x) ∈ Z K and tr Q/K (x) ∈ Z K .
Suppose now K is a number field. We say that Q = a,b K is ramified at some place v of K if and only if the completion Q v := Q ⊗ K K v of Q at v is a skewfield. The algebra Q is determined by its ramified places up to isomorphism and Q is said to be (totally) definite, if it is ramified at all infinite places of K. This is equivalent to say that K is totally real and −a, −b are totally positive. An order O in Q is maximal if and only if O p := O ⊗ Z K Z Kp is a maximal order for all prime ideals p. Note that if Q p is a skew-field, then the set of integral elements form the unique maximal order of Q p and the maximal orders of
1. There exists a definite quaternion algebra Q over K such that (V, Q) is isometric to (Q, nr Q/K ). Further, Q is unique up to isomorphism.
2. Each maximal order M in Q is a maximal integral lattice in (Q, nr Q/K ).
3. Two maximal orders in Q are conjugate in Q if and only if they are isometric lattices in (Q, nr Q/K ).
4. Let p 1 , . . . , p s be the prime ideals at which Q ramifies and let M be some maximal order in Q. The genus Λ of all maximal integral lattices in (Q, nr Q/K ) has class number one if and only if every maximal order of Q is conjugate to M and
where . Further, the isomorphism class of every quaternion algebra is uniquely determined by the isometry class of its norm form (see for example [19, 57:8] ).
Let M be some maximal order in For a proof of the third assertion, see [16, Corollary 4.4] . For the proof of the last statement, let H denote the number of isomorphism classes of finitely generated nonzero M -bimodules in Q. Under the assumption that M is unique up to conjugacy, Eichler's mass formula (see for example [30, Corollaire V.2.3] ) states that
where h K denotes the class number of Z K . The quotient
is related to the automorphism group of the lattice M in (Q, nr Q/K ) by [16, Corollary 4.5] as follows
The last two equations show that
Shimura's mass formula (Theorem 3.3) implies that Λ has class number one if and only if
since the local type of the norm form t p (nr Q/K ) ∈ {0, I} and it takes the value I if and only if Q ramifies at p. Combining the two equations for #Aut(M ) gives the result.
There is a similar correspondence for ternary lattices.
Lemma 6.2. Let M, N be maximal orders in a definite quaternion algebra Q.
1. Every isometry ϕ : M 0 → N 0 (with respect to nr Q 0 /K ) extends to an isometry ψ : M → N (with respect to nr Q/K ).
The orders of the automorphism groups satisfy
Proof. Since the canonical involution is an isometry on M 0 with determinant −1, we may assume that det(ϕ) = 1. By extension of scalars, ϕ is an isometry on Q 0 . Then ψ : Q → Q, λ + x → λ + ϕ(x) for all λ ∈ K and x ∈ Q 0 is the only isometry of determinant 1 that extends ϕ. It remains to shows that ψ(M ) = N . By [16, Proposition 4.3] , ψ is simply conjugation by some element in Q * . In particular, ψ(M ) is a maximal order that contains N 0 . If Q ramifies at p then Q p has a unique maximal order which implies that ϕ(M ) p = N p . If Q does not ramify at p then without loss of generality N p = Z Lemma 6.3. Let (V, Q) be a three-dimensional definite quadratic space over K such that −disc(Q) ∈ (K * ) 2 .
1. There exists a definite quaternion algebra Q over K such that (V, Q) is isometric to (Q 0 , nr Q 0 /K ). Further, Q is unique up to isomorphism.
The trace zero submodule
3. Two maximal orders in Q are conjugate in Q if and only if their trace zero submodules are isometric lattices in (Q 0 , nr Q 0 /K ).
Proof. The first two claims are proved similar to the proof of Lemma 6.1. The third statement is an immediate consequence of Lemmas 6.1 and 6.2.
If c = 4 then either
and Q ramifies at the two prime ideals over 2 and 7 or K = Q( √ 21) and Q ramifies at the the two prime ideals over 3 and 7.
3. If c = 8 then K = Q( √ 15) and Q ramifies at the two prime ideals over 2 and 3.
We now give some more details for the one-class genera for base fields K = Q. Let Λ be a one-class genus of maximal integral lattices in (V, Q). Further let L be a representative of Λ.
It is clear that for a Galois extension K/Q, the Galois group acts on the set of definite quadratic spaces (V, Q) over K and thus on the set of genera of maximal integral lattices. Further, the action preserves class numbers. Thus it suffices to give only one representative for each orbit.
Dimension 4
Among the 102 quaternion algebras in Theorem 7.2, only 56 satisfy the condition of Lemma 6.1 part 4. In 51 cases, the center of these algebras is a proper extension of Q which agrees with Theorem 7.1. They are listed in the following table. For each algebra Q we give its ramified prime ideals where p q denotes some prime ideal of Z K over the rational prime q. Further we give the isomorphism type of Aut(M ) for some maximal order M in Q as well as the length of the Galois orbit. 
Dimensions 5 and 6
In dimensions 5 and 6 we have K = Q( √ 5). Let M be a maximal order in Q = −1,−1 K , the quaternion algebra over K ramified only at the infinite places. By Theorem 7.1, the two quadratic spaces of dimension 5 or 6 over K that admit one-class genera of maximal integral lattices are (Q, nr Q/K ) ⊥ 1 and (Q, nr Q/K ) ⊥ (Q( 
Dimension 3
Instead of listing all 400 one-class genera of maximal integral ternary lattices, we only list the number n K of genera for each base field K in Table 3 .
